A multi-objective, reliability-based design optimization technique of a compressor blade is proposed using response surface methods and genetic algorithms. The design objectives are to maximize the stage pressure ratio and to minimize the weight of the NASA rotor67 transonic blade, while satisfying both aerodynamic constraint and structural reliability constraint.
can obtain a reliable design with better aerodynamic performance and less weight.
I. Introduction
For decades, many researchers have used optimization techniques to improve the engine performance. Some focus on a specific discipline, others involve in multi-disciplines. For instance, Oyama et al. performed multidisciplinary and multiobjective optimization of the NASA rotor67 blade with a coupled genetic algorithm and response surface technique. In the aforementioned works, the design variables were assumed known deterministic parameters. For engine design, however, uncertainties and randomness exist in the material properties and design variables. To ensure robust and reliable designs, we need to account for these uncertainties or randomness in the optimization procedure.
Reliability-based design optimization (RBDO) is a technique to consider the uncertainty of input parameters in the design process. It provides not only the performance value but also the confidence range. On the other hand, RBDO involving a computationally demanding model has been limited by the relatively high number of required analyses for uncertainty propagation during the design process. In order to overcome this limitation, several alternatives with various degrees of complexity, such as moment-based methods 11, 12 and Monte Carlo simulation (MCS), have been proposed. The moment based-methods are relatively efficient because they approximate the performance measure at the most probable point using linear of quadratic functions. However, the accuracy of these approximations is a concern when the performance function exhibits nonlinear behavior. Another drawback of moment-based methods is that they are not well suited for problems with many competing critical failure modes.
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The MCS is a simple form of the basic simulation. It provides a powerful tool for evaluating the risk of complex engineering systems. It is widely used in reliability analysis because of its simplicity and robustness. Nonetheless, the MCS requires a large amount of analyses for a good estimation of the probability of failure, especially when the failure probability is small. And MCS can also produce noisy response.
Response surface approximation has the capability to handle these two problems. In addition, the use of response surface approach facilitates multidisciplinary optimizations, which face the challenges of computational expense and organizational complexity.
In this paper, a multi-objective RBDO of a NASA rotor67 compressor blade is proposed using response surface techniques and genetic algorithms. The objectives are to maximize the stage pressure ratio and to minimize the blade weight while satisfying the constraints on reliability of maximum blade stress and mass flow rate. A real-coded genetic algorithm is used to facilitate the multi-objective optimization. The limits on reliability constraints are set up such that the probability of failure is less than 10 . Thirty two deterministic design variables are used to determine the shape of the blade, while two random variables are used to characterize the uncertainties in material properties. In order to address the aerodynamic performance as well as the structural performance, a sequential analysis technique has been adopted in which structural deformation does not influence on aerodynamic performance. This assumption is valid when the structural deformation is small. The response surface is built based on the preselected design points. Their aerodynamic and structural performances are evaluated using high-fidelity tools. A computational fluid dynamics (CFD) tool is used to compute the aerodynamic force, which is then transferred from the CFD grid to the structural finite element grid. To ensure the conservation of energy between the flow and the structural systems, the thin plate interpolation is used as the interpolation technique.
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A commercial finite element analysis program, ANSYS, is then used to compute the maximum von Mises stress at the top and bottom surfaces of the blade. The RBDO is performed on the response surface using the genetic algorithm and MCS.
II. Problem Formulation
The studied rotor, NASA rotor67, is a low aspect ratio design rotor and is the first stage rotor of a two-stage fan. The rotor has a design pressure ratio of 1.63 at a mass flow rate of 33.25 kg/sec. The design rotational speed is 16,043 rpm, which yields a tip speed of 429 m/sec and an inlet tip relative Mach number of 1.38. The rotor has 22 blades and an aspect ratio of 1.56 (based on average span/root axial chord). The rotor solidity varies from 3.11 at the hub to 1.29 at the tip. The inlet and exit tip diameters are 51.4 cm and 48.5 cm, respectively, and the inlet and exit hub/tip radius ratios are 0.375 and 0.478, respectively.
A fillet radius of 1.78 mm is used at the airfoil-hub juncture. The square root of the mean square of the airfoil surface finish is 0.8 µm or better, and the airfoil surface tolerance is ±0.04 mm.
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Previously we performed deterministic design optimization based on the same configuration, which is controlled by 32 design variables. The blade geometry and the computational grid are shown in Fig. 1 . We use 0.6 × 10 6 nodes to model per single passage. Here we incorporate the information on uncertainty into the actual design problem. The reliability-based design optimization problem can then be defined as:
Maximize:
Subject to:
where W is the blade weight; p 02 /p 01 is the stage pressure ratio; P sf is the probabilistic sufficiency factor, which we will elaborate in the following section;ṁ is the mass flow rate; d is the vector of design variables, and d L and d U are the lower and upper bounds of the design variables, respectively. The aerodynamic objective is to maximize the stage pressure ratio while the structural objective is to minimize the total structural weight. These two objectives are competing. This optimization problem does not have a single optimal solution, instead, it has a set of Pareto-optimal solutions, among which no solution is better than the others in terms of both objective functions. The curve formed by joining these solutions are known as Pareto-optimal front. This optimization is performed under two constraints: the aerodynamic one is to maintain a comparable mass flow rate as the baseline, the structural one is set so that the failure probability is less than a required threshold, P t .
Because the blade has a very good surface finish, the impact of the randomness occurred in the design variables can be tightly controlled. Therefore, we treat all the design variables as deterministic variables. The blade is made of Titanium (Ti-6V-4Al), whose properties are listed in Table 1 . In engineering design, the probability of failure is usually based on the maximum stress failure criterion, which states that the yielding (failure) occurs when the von Mises stress exceeds the yield strength. In our test we notice that the Titanium yield limit is in the range of 786∼910 Mpa, which is much higher than the mean response of the maximum stress 4.64 Mpa. There is no design violating the structural constraint if the criterion is based on the yield stress. This makes the RBDO meaningless. For demonstration purpose, in our work we choose the endurance limit, which is the maximal stress or range of stress that can be repeated indefinitely without failure of the material. The failure criterion then states that failure occurs when the von Mises stress exceeds the endurance limit. We treat the Poisson's ratio and the endurance limit as random variables. We assume they have a normal distributions around their means. Because a normal distribution, which is valid from -∞ to +∞, lacks a physical interpolation, we consider the random variable as belonging to a range bounded by its mean ±3σ. Here σ is the standard variation. This approach has a marginal error with a probability of 0.997 instead of 1. The distribution function of the endurance limit is plotted in Fig. 2 . The material has a nominal density of 4510 kg/m
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. The Young's modulus is a random variable too, however, it does not change the value of the von Mises stress, it is therefore not factored into the reliability analysis. 
III. Probabilistic sufficiency factor
In the presence of uncertainties, the maximal von Mises stress, S, and the endurance limit, R, are random variables in nature. As shown in Fig. 2 that their randomness are characterized by their means of µ S and µ R , standard variations of σ S and σ R , and their probability density functions f S (s) and f R (r). Deterministic designs require a conservative safety margin to ensure the design safety. For that purpose, a nominal safety factor defined in the following is often used
where S N and R N are the deterministic (nominal) values of the von Mises stress and endurance limit, respectively. The S N is usually below while the R N is above their respective mean value. The central safety factor, which is the ratio of the mean values of R and S, is also commonly used in deterministic design. However, these measures may fail to provide information on design reliability. For that reason, as shown in Eq. 1, in reliability-based design, the reliability can be expressed in terms of the probability of failure
where S F = R/S is the safety factor, P r is the required probability of failure. Fig. 3 shows the PDF of the safety factor S F . The shaded area under the curve left to s = 1 represents the probability of failure, which has an area of P r . As we will discuss momentarily, Monte Carlo simulation is often employed to evaluate the failure probability. MCS often generates noise in evaluating the failure probability due to the limit size of simulations. As we will show later that the probability of failure from MCS changes by several orders of magnitude. For some designs MCS predicts zero failure probability, which does not provide useful information in the optimization procedure. In addition, for a fixed number of simulation cycles the error associated with estimated probability of failure from the MCS increases as the probability of failure decreases. Qu and Haftka 14 compared the probability of failure, safety index, and probabilistic sufficiency factor (PSF). They found that the PSF did not suffer from accuracy problems in regions of low probability of failure when calculated using MCS and it provided a measure of safety that could be used more readily than the probability of failure or the safety index.
The concept of probabilistic sufficiency factor is introduced by Birger.
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It is the solution to the following equation
For a given problem with required probability of failure, P sf = 1 represents that the achieved probability of failure is equal to the target one; if P sf < 1, then the design does not meet the safety requirement; if P sf > 1, then the design exceeds the safety requirement. Therefore, the following two expressions are mathematically equivalent,
However, Eq. 9 is advantageous in terms of accuracy.
IV. Reliability-based optimization using response surface approximation
In reliability analysis, the first step is to decide on specific performance criterion, the random parameters, and the functional relationships among them corresponding to each performance criterion. This relationship can be written as
where Z represents the performance criterion, and X i is the random variable. The limit state is usually defined as Z = 0, which is the boundary between safe and unsafe regions in the random variable space. If the failure event is defined as g < 0, then the probability of failure can be calculated as
where x i is the instantiation of X i , f X (x 1 , x 2 , ..., x n ) is the joint probability density function (PDF) for the input random variables X 1 ,X 2 ,...,X n , and the integration is performed over the failure region. In general, the joint probability density function is practically difficult to obtain. Even if it is available, the multi-dimensional integral is difficult to evaluate. Commonly used methods are the first-order-reliability-method (FORM) and Monte Carlo simulation. Here we choose MCS because of its robustness and ease of use. The use of approximation models is commonly practiced to reduce the computational cost. Response surface approximations are built to approximate computationally expensive problems typically using low-order polynomial. Two popular approximation methods in reliability-based design are the analysis response surface (ARS) and design response surface (DRS). The underlying distinction between the ARS and DRS is that the former is fitted to the function in terms of both deterministic variables and random variables while the latter is fitted to the function exclusively in terms of deterministic variables. In our studied problem the ARS is fitted to von Mises stress in terms of the 32 design variables and the random variable Poisson's ratio. At each design point, the probabilistic sufficiency factor is computed by the MCS based on the response surface approximation. The DRS is fitted to the probabilistic sufficiency factor in terms of the 32 design variables only. The objective functions and the structural constraint are also approximated with quadratic response surfaces. As we will see in the next that the use of response surface approximation also facilitates the multidisciplinary optimization.
V. Monte Carlo Simulation
Estimating the probability of failure requires a multi-dimensional integral over the failure region. When the failure region is an implicit function of the performance criterion, the analytical integration would be very difficult. Moreover, the numerical integration is also impractical for high-dimensional problems. A commonly used simple method in reliability integral is the Monte Carlo simulation. MCS has evolved as a powerful tool for evaluating the reliability of complicated engineering problems. Typically, MCS consists of the following six steps:
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(1) formulating the problem in terms of all the random variables; (2) qualifying the probabilistic characteristics of each random variable in terms of its PDF; (3) sampling the values of each random variable according to its probabilistic characteristics; (4) evaluating the problem deterministically for each set of realizations of all the random variables; (5) extracting probabilistic information from these such simulation cycles by counting the number of failed samples; (6) estimating the accuracy of the simulation.
With all the random variables assumed to be independent, MCS draws samples of the variables according to their PDF and then feed them into the criterion model. An estimation of the probability of failure can be expressed as
where N is the total number of simulation cycles, i.e., solving the problem deterministically for each realization, and N f is the number simulation cycles where g < 0 happens. The accuracy of MCS largely depends on the number of simulation cycles. Its acceptance as an alternative reliability evaluation method mainly depends on its efficiency and accuracy. In general, this estimation accuracy depends on the true probability of failure and the number of simulation cycle. In the 95% confidence interval, the percentage error can be estimated as follows:
where p T f is the true probability of failure. In our problem we require that p T f should be less than 10
, with 1 million simulation cycle, the percentage error is 20%. Therefore, there is 95% probability that the probability of failure will fall into the range of 10 With MCS it is straightforward to find the solution to Eq. 8. Suppose we perform N analyses using the MCS around one design point, we sort the safety factor in ascending order, then the probabilistic sufficiency factor is equal to the value of the N × P r safety factor in the sequence.
VI. Fluid Solver and Structural Solver
A high-fidelity CFD tool, TRAF3D, is used to analyze aerodynamics of the compressor blade. TRAF3D solves the three-dimensional Reynolds-averaged Navier-Stokes equations. The space discretization uses a second-order cell-centered scheme with eigenvalue scaling to weigh the artificial dissipation terms. The system of equations is advanced in time using an explicit four-stage Runge-Kutta scheme. The two-layer eddy-viscosity model of Baldwin and Lomax is used for the turbulence closure. Details about the implementation of TRAF3D and its capability can be found in the work of Arnone et al. 8, 9 and Lian and Liou.
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Following our previous work, we model the blade with quadrilateral plate element, which is a commonly used element for modeling plates, shells, and membranes. We use commercial software ANSYS to perform static structural analysis. For each element, we assume element-constant thickness and element-constant pressure. By doing this we avoid zerothickness elements at the leading and trailing edges. The blade is structural fixed at the hub. Therefore, the nodes at the hub are fully constrained. Each node has three translational degrees of freedom and three rotational degrees of freedom.
The multidisciplinary design optimization approach for compressor blade using highfidelity analysis tools is presented in the work of Lian and Liou, 5 where jig-shape approach is adopted to build the compressor blade so that the structural deformation will bring the blade to its desired shape. By doing that the structural deformation on the aerodynamic performance is corrected.
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The jig-shape approach greatly simplifies the multidisciplinary design process because now we only need to transfer the aerodynamic forces from the CFD grid to the finite element grid. The transfer of aerodynamic forces is a little bit involved because it is necessary to ensure the consistency and conservation. A thin plate interpolation method 7 is adopted for that purpose. The thin plate interpolation is derived based on the principle of virtual work it automatically guarantees the conservation of energy between the flow and the structural systems.
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Grid sensitivity test is also performed and a grid with 2,401 elements gives a satisfactory results and is adopted. The structural system has 14,700 degrees of freedom.
VII. RBDO Procedure
We summarize the procedure of the RBDO as follows:
• Sample design points based on both design variables and random variables with Latin hypercube sampling.
• Evaluate the design points with the high-fidelity analysis tools.
• Construct the ARS model for the maximum stress based on both the design variables and random variables.
• Perform Monte Carlo simulations based on the ARS to extract the probability sufficient factor.
• Construct the DRS models for the objective functions and constraints exclusively based on the design variables.
• Perform multi-objective optimization using a real-coded genetic algorithm.
• Improve the convergence of the Pareto-optimal front with a gradient-based method.
• Choose representative Pareto-optimal solutions to validate against the high-fidelity tools.
VIII. Numerical Results
In the problem described in Eq. (1) there are 32 design variables and two random variables. The objective functions and the aerodynamic constraint therein are only affected by the design variables while the maximum stress is affected by the design variables and Poisson's ratio. The random variable, endurance limit, which is factored into the computation of probability sufficient factor, does not influence the maximum stress. Therefore, our sampling of design points is based on the 32 design variables and random variable Poisson's ratio. We sample 1,024 design points with the hypercube Latin sampling. These design points are evaluated using the aforementioned fluid and structure solvers. Thereafter, the ARS is built for the maximum von Mises stress based on both the design variables and the random variable.
The accuracy of the response surface approximation is evaluated by statistical measures, including the adjusted coefficient of determination (R 2 adj ) and the root mean square error (RMSE) predictor. The adjusted coefficient of determination is more comparable over models with different numbers of parameters by using the degrees of freedom in its computation. It measures the proportion of the variation accounted for by fitting means to each factor level. Table 2 , one million simulations are performed at each design point. After the probability of failure and probability sufficient factor are extracted, we are ready to build the DRS based on the design variables. The statistical measures are shown in Table 2 . We can see that the fitting of the failure probability is poor in terms of the statistical measures. Fig. 4 shows the distribution of the failure probability, which changes several orders of magnitude over a narrow range. A quadratic response surface may not be efficient to capture the change. A high-order response surface model may be required to capture the steep variation. However, it demands more design points to fit the coefficients. In addition, we can see that more than 90% of the design has a zero failure probability. Not enough gradient information will be provided in the optimization procedure if a response surface is built based on the failure probability. If safety factor is used, we still could not avoid the large portion of flat region. On the other hand, the design response surface for the probability sufficient factor has good statistical measures. The values of R 2 adj and %RMSE are 0.9994 and 0.002337, respectively. We plot the distribution of P sf in Fig. 5 , which shows a smooth variation. For the studied problem with 1 million simulations and a required probability of failure less than 10 , which is much less than that the value of 0.002637 due to the design response surface approximation. Our problem described in Eq. 1 is a multi-objective optimization problem with a set of Pareto-optimal solutions. To facilitate the optimization, we use a real-coded genetic algorithm. With the we set the population size as 320. Fig. 6 shows the solutions with different generation sizes. The convergence rate at the beginning is fast and it gradually slows down. This phenomenon is typical for genetic algorithms, which usually suffer a slow convergence rate when the optimal is approach. One remedy is to use a hybrid method. The basic idea is to switch to a gradient-based method to improve the convergence after the genetic algorithm. For that purpose we use the Design optimization tools (DOT), 24 which is software based on gradient-based methods. Fig. 6 shows that DOT does improve the convergence.
Optimization is also attempted exclusively based on gradient-based methods. To do that, we transform the original problem in Eq. (1) into a single objective optimization problem by introducing weight function and DOT is employed as the optimizer. We notice that even though it obtains some solutions better that those from the hybrid method, the gradientbased method fails to identify some regions on the Pareto-optimal front. In addition, we notice that the gradient-based method is sensitive to the initial condition. The solution from genetic algorithms is also affected by the initial condition. However, the effect demolishes with the increase of generation size. We compare Pareto-optimal fronts with different initial conditions and find no evident difference at the 8000-th generation. Totally there are 693
Pareto-optimal solutions lying on the front. Figure 6 . Genetic algorithm convergence history and solutions from hybrid method.
We choose 15 representative optimal design points from the Pareto-optimal front using the K-means clustering algorithm to verify against the high-fidelity analysis tools. K-means clustering is a method that chooses a set of data points from the Pareto-optimal front to accurate represent the distribution of whole date points 4, 25 The distribution of the selected data points is shown in Fig. 7 . We also compare the baseline with the optimal solutions. Clearly the optimization process decreases the blade weight while increasing the stage pressure ratio.
To see the impact of the accuracy of ARS, we validate the probability sufficient factor of each representative optimal design using MCS by substituting the optimal values into the constructed ARS. This calculated PSF is compared with that predicted from optimization process. The comparison is illustrated in Fig. 8 . These two set of data have a correlation coefficient of 0.9913, indicating that quadratic response surface fitting of the probability sufficient factor is an accurate approximation. Figure 7 . Comparison of baseline with optimal solutions. 
IX. Conclusions
In this paper, we demonstrated a reliability-based design optimization technique when both aerodynamic and structural performances are considered. The design uncertainty came from the material properties. Our objectives were to maximize the stage pressure ratio while minimize the blade weight. A second-order response surface model was built to make it possible to perform such a computationally intensive analysis and optimization process. A genetic algorithm was used to facilitate the multi-objective characteristics of our problem.
The reliability analysis was performed based on Monte Carlo simulation. Our numerical results showed that we could achieve a new design with lighter weight, larger pressure ratio, and reliable performance.
